STEP Further Maths Paper B, July 1993, Q13

QUESTION

A uniform circular disc with radius a, mass 4m and centre O is freely mounted on a fixed
horizontal axis which is perpendicular to its plane and passes through O. A uniform heavy
chain PS§ of length (4 + n)a, mass (4 + 7) m and negligible thickness is hung over the rim
of the disc as shown in the diagram; Q and R are the points of the chain at the same level as
O. The contact between the chain and the rim of the disc is sufficiently rough to prevent
slipping. Initially, the system is at rest with PQ = RS = 2a. A particle of mass m is
attached to the chain at P and the system is released. By considering the energy of the
system, show that when P has descended a distance x, its speed v is given by

(r + Do’ = 2g(x2 + ax).
By considering the part PQ of the chain as a body of variable mass, show that when §
reaches R the tension in the chain at Q is
St — 2
T+ 7

mg.

ANSWER, First Part

via
R
Ref Level
a-"%
(2a — x)mla a+ ¥x
a-"%
S (2a + x)mla |
v
a+ Yx

Cof E:
Im? + Edma*®H + 3@ + mym? — (a - t)gRa -2 - (a+ i0gRa+ xE
— mgRa + x) = 2mg(—a) + 2mg(—a) + mg(—2a)

VP2 4+ (4 4+ v — 2a - x)*E — (2a + x)*8 — 2g(2a + x) = —12ga
S+ Da? = (da® - dax + g + (4a® + dax + XD g + 4ga® + 2gax — 12gd®
s (@4 Dav? = 2g(ax + 1), as desired. (i)
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ANSWER, Second Part, First Method

43 . (w + Ta2v$ = 2g(a + 2%)
v = G
When x = 2a, yae = %
Newton 4: Smg — T = 5m-%;
T = 5mg(l — 735)
T = 5mg(3%%) (ANS)

58

T+7

ANSWER, Second Part, Second Method
Let energy of OP and the particle be E. Then

E=im?+48Q2a+x0)vV-(a+inga+ 02 -mga + x)

= 3my? + 120 — 28 (2a + x)* ~mg(2a + x)

CofE: % = 1(@y)y?* — Ty

3mvdr + daw? + tyyd — ™ (2g + x)v —mgv = 427 — Ty
T=mgB+H-C+HmF =mB+HE-% (id)
L) : (x+ 7)a%\£§)§ = 2g(a + 2x)

_ (a+2

:v%_ (a%f—??)%&

@ = Grna
Subin (i) : T = m(3 + H) (g - &5%)
When x = 2q, T = 5mg(l ~ 755) = Smg%t% (ANS)
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ANSWER, Second Part, Third Method

L3) (@ + Ta2v¥t = 2g(a + 2x)
Lol = B
When x = 2q, vl = &,
Newton |, particle: ~ mg — T, = mz2%;
Newton {, element:
T +mg2 — (T + 0T) = m2 2%
(1= 7)oy = oT
o 2tk dy = [y, dT
iy =T-T
Sub forT; :
T = ™13 (y + 1)
Wheny = 4a:
T = Smghth (ANS)

ANSWER, Second Part, Fourth Method

43 : (@ + Da2v¥t = 2g(a + 2x)
v -

When x = 2a, g
Newton O)

= (A (4m)d® + nma )(“7)0
5’ngn+7 (ANS)

2a

e <

T+ 0T A

Q 1
(mdy)/a

(mg dy)/a

Y

5g

~\a

T+
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ANSWER, Second Part, Fifth Method (as instructed)

Let momentum of the specified part of the system be {. Then
E=CQa+x)+mv=0+YYmv

- &=ty + 3+ HymY (iii)
L3 : (w + TYa2v = 2g(a + 2x)
_ (a+2)
Vi‘% = @+ Na
dv _ (a+2%)
dt =~ (@+Da

Sub in (iii), and for v* from (i):
d 2g(ax + %) ; + 2x),
T = T + B+ DmEEE
When x = 2a,
d 26 5 37
% = iy + Smy = I
Using the suggested piece of theory for the time whenx = 2a:

mg + 4mg — T = 2%
T = 5mg — ™% = S22y as desired.

ANSWER, Second Part, Sixth Method (as instructed)
Let momentum of the specified part of the system be {. Then
E=0CRa+x)+mv =0C+LHmv
CZ — (3 + 2{)2m2v2
Sub for v? from (i):
g = (3 + 2o HELD

dt _ 2 2g(ax+x?) 2.2 2g(av+2x)
2C3t£ =20+ Dtm e + B + D°m =,

Sub for £ and cancel 2mv:

G+ D% = G+ DEHER + G+ HmiH)

When x = 2(1,
d 2mg6 5 3Tm
= o+ Smgty = T

Using the suggested piece of theory for the time when x = 2a:
mg+ dmg - T = 7%
T = Smg — 7% = =2pg as desired.
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