QUESTION 3

x° —3px+qza(x—a)3 +b(x—ﬂ)3
=X —3px+qza(x3 —3ax’ +3a2x—a3)+b(x3 —38x° +3,62x—,6’3)

a+b=1 (1)
ac+bp =0 (2)
ac’ +bfB=-p (3)
ac’ +bf=—q (4

Now (1) multiplied by « and subtracted from (2) gives :-

b(a—ﬂ)=a:>b=ai‘ﬂ,a:a__ﬂﬂ o p

Substituting these values into (3) gives :-

pa’ . af’ af(B-a)

—p:>—:—p:>a,b’:p a;t,B

_a—ﬁ a—ﬂ: a—-pf

Again, substituting the values into (4) gives :-

pe ap _eBF-a) | ap(pra)(fea)
a-p a-p a-pf a-pf
:>aﬂ(a+,8)=q:>a+ﬂ=1 a+f
P

Therefore «, [ are the roots of the quadratic equation :-

t’ —iter:0:>pt2—qrt+p2 =0

p
Further the condition that & # £ is contained in the idea that the discriminant

of this equation is not zero i.e :-

(—q)2 —4><p><p2 ;«r&O:>q2 ;«f&4p3



The conditions that p # 0, g # 0 ensure that the equation is non-trivial.
Now x’—24x+48=0= p=8,g=48 and 4p’ =2048 = 2304 = ¢’
Therefore our quadratic is 8° —48t+64 =0

=1’ —61+8=0=(r-2)(t—4)=0=r=2or 4
Hence a=2,=4=>a=2,b=-1 so that :-

X —24x+48=2(x-2)" —(x-4) =0

There are actual three cube roots of 2; what we have dealt with so far is the
one that is real. The other two are:-

[NV Um0
23e 3 [:2%0} and 23 ¢ 3 [2230)2]

1 1
1 2[2—2%0) 1 2(2—23602)
x4 — 72 and 23 x4 = 2

Now 23W=—2:>x= :
o 1-2%w T 1-2% 0
Finally X =3rix+2r° :O:>(x—r)(x2 +rx—2r2):O
= (x—r)(x—r)(x+2r)=0

= XxX=r,r,—2r

This is the case q2 = 4p3 and demonstrates a repeated real root.




