STEP Ill 1999 Q2

i) We have f'(x)=(1+x")e" +2xe* by the product rule, which simplifies to f'(x)=(1+x)*¢e"

(1+x)*>0as itis square and ¢' >0 so their product is >0, as required.

Sketch:
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There is an inflection point at x=-1, where f'(x)=0 and the y-intercept is 1.

The second part is obvious from the graph, lines y=k will intersect the graph once for k>0
and not at all for k<0, as the graph has an asymptote y=0.

i) Let g(x)=¢e* —1—ktan™'(x)

Then g'(x)=¢" - =1+x7)e" =k

> s0 for turning points we require 0 =e¢" -
1+x 1+x

which has exactly 1 solution for k>0 (from the first part of the question). So g(x) has
exactly one turning point.

We observe that x=0 is a root for all values of k. Therefore the turning point must occur for
g(x)<0. We observe that k<1 means that x<0 (this can be seen from the sketch in part i).
So the turning point occurs for -co<x<0. It is obvious that the turning point must be a
minimum (consider what happens for large positive x, there is no maximum of g(x)).

We consider what happens to g(x) for large negative x.
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Therefore there is an asymptote at g(x)=A=-1+ k%



When this asymptote is below the x-axis (or the x=axis itself), the only root is at x=0
Sketch:

When this asymptote is above the x-axis, there must be another root as the function must
pass below the x-axis to pass through (0,0).
Sketch:
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Sofor0<k<—, Az—l+k§£0 so there is 1 real root. For—<k<1,A:—1+k§>0 SO
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there are 2 real roots.



