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Multiplying out, we obtain a system of four equations:

Let M = ( ) Let M be such that Ma = p and Mb = q.

Let a = , and likewise for b, c, p, q, and r.

Myay + Myzay = py
My101 + Mioby ¢
Msiay + Myaz = po
M1by + Masby = @

We may express this system in matrix form:

ap az 0 0 My, 2}
by by 0 0 M, _ | ¢
0 0 ar a My, b2
0 0 b by Msy q2

Let the 4 x 4 matrix be denoted by T.

b, 0 O by 0 O
det T = aq 0 a1 Qag|—as 0 a; Qag| = albg(albg—agbl) —(lgbl (albg—agbl)
0 bl bg 0 bl b2

det T = (CleQ — a2b1)2 = A(a, b>2
Suppose b = Aa for some scalar A\. Consider A(a,b):

A(a, b) = a162 — CLle = CL1<)\CL2> - CL2(>\6L1) = )\(alag - (IQCL1> =0

Hence, if a and b are both non-zero vectors, then A(a,b) = 0 if and only if
a and b are scalar multiples of each other. But a and b are non-zero and
not parallel, hence A(a,b) # 0. Thus det T # 0, hence, T is invertible, so
M;; can be found given a, b, p, and q; i.e. M exists.

A(a,b)c + A(c,a)b + A(b,c)a
= (a1b2 — agbl)c + (Cla2 — Cgal)b + <b1C2 — bgCl)a
o a1b261 — (12(?101 + a2b161 — alblcg + CllblCQ — aleCl o 0
- (lleCQ — agblCQ + CLQbQCl — CL1b2C2 + a2b102 — CLQbQCl N 0

Hence,
A(a,b)c+ A(c,a)b + A(b,c)a=0 (1)
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for all vectors a, b, and c.
Consider A(p,q) = A(Ma, Mb):

A(p,q) = A(Ma, Mb)
= DP1d91 — P2Q2
= (My1a1 + Migaz)(Ma by + Magby)
— (Ma1a1 + Magag)(My1by + Migby)
= (M1 My1a1by + MigMaoagby + Myy Maoaiby + Mia Maasghy)
— (Ma1 My1a1by + Moy Mysashy + Moy Mygaiby + Moy Myiashy)
= (M1 My — MysMyy)ayby — (Miy May — MiaMay)ash
= (M1 My, — M12M21)(albz — asb)

Hence,
A(p,q) = A(Ma,Mb) = det M - A(a, b) (2)

Suppose that r = Mc. Then:

A(a,b) A(b,c) Alc,a)

A(p,a) A(g,r) A(r,p)
A(a,b) _ A(b,c) _ A(c,a)  det M
A(Ma,Mb) _ A(Mb,Mc) _ A(Mc, Ma)

Therefore,
A(a,b) : A(b,c) : A(c,a) = A(p,q) : A(q,r) : A(r,p)

given that Mc =r.
Now, suppose that the ratios were equal. Let

From (1),

A(a,b) _ o o
A(pa) _ Aar) _ Ap)  H

A(a,b)c+ A(c,a)b+ A(b,c)a=0
Multiplying throughout by pu:

A(p,q)c+ A(r,p)b+ A(q,r)a=0
Multiplying throughout by M:
A(p,q)Mc + A(r,p)Mb + A(q,r)Ma =0
Ma = p and Mb = q, so:

A(p,q)Mc + A(r,p)q + A(q,r)p =0



But from (1) we also know that

A(p,q@)r + A(r,p)a + A(q,r)p =0
Hence,
A(p,q)Mc + A(r,p)a+ A(q,r)p = A(p,q)r + A(r,p)a + A(q,r)p =0
Eliminating common terms on both sides:
A(p,q)Mc = A(p, q)r
Since A(p, q) is a scalar, we may eliminate it as a common factor, hence,
Mc=r

Therefore, the condition A(a,b) : A(b,c) : A(c,a) = A(p,q) : A(q,r) :
A(r,p) is necessary and sufficient for PQR to be the image of ABC' under
the transformation M.



