_ 1 + CLn—lz

Ap—2

Qn

Suppose a,, = 3a,_1 — a,_2 is true for all 2 < n < k for some k > 2.
Consider ag,1:

14 CL]g2
ax—1
1+ (36Lk,1 — ak,2)2
ak—1
14 9@]6712 — Gak,lak,g + ak,22

Qp41 =

Qr—1
1 ap—o?
= —— +9ap_1 — 6ap_o +
Ar—1 Af—1
1+ aj_o?
= —+ 9ak_1 - 6ak_2
Qr—1

ap—s 1+ ap_o>
- k;3' + ho2 +9ak_1—6ak_2

ag—1 ag—3
ag—3

= “ag—1 + 9ap_1 — 6ag_2
ag—1

= ag—3 + 9ax_1 — 6ax_2

= —(3ak—2 — ag—3) + 9ap_1 — 6ax_s + 3ax_s
= —ag_1 +9a,_1 — 6ag_2 + 3ai_s

= 8ap—1 — 3ar—2

= 3(3ap—1 — ap—2) — ap—1

a1 = 3ap — ap—1

Hence if a,, = 3a,_1 — a,,_2 is true for all 2 < n < k for some k > 2, then
it is also true for all n > k. Consider as:

1+CL12
A9 —

=2
Qo

g — 3(11 — Qo — 2
The two formulae agree, so since it is true for n = 2, it is also true for all
n > 2.
Suppose a,, = r" for some non-zero r satisfies the relation a,, = 3a,,_1 —

Ap—2.
r = 3rn—1 _ ,r,n—2



rv— 37,1171 4 7,1172 =0

P =3r+1=0
3+v/9—-4 3++5 1++5

Let . =1+ # and f_ =1+ %5 Any linear combination of 3," and
G_" will satisfy the relation a,, = 3a,—1 — a,_s.
Let us consider some powers of a:

_1+45

(67

_ 2(1—+5) 2(1-+v5)  2(1-+5)
C(1+VB)(1—-vE) 1-5 4
a! L-V5

= - =a—1

2
o <1+\/5) 142545 6425
B B 4 4

=14+«

L 1-+5 2_1—2\/5+5_6—2\/5
- a 4 4

1-5 .

=1—-a"
2

Therefore, 3," = o®* and _" = a~2*. We also note that o+ o~ = /5.
Let a,, = Aa®"+ Ba—?" where A and B are coefficients to be determined.

a1 = 1, as = 2, hence,
Ao’ 4+ Ba2=1
Ao* + Ba™* =2

Multiplying the first equation by a2
A+ Bat=a7?



Subtract it from the second equation:

(Aa4 + Bof4) — (A + Bof4) =2 _—q?

Aat —A=2—-a?
Ala*—=1)=2—-a?

AZQ—OF2 2—(1—a™) 1+at

at—1  (2+1)(a2—=1) ala+at)(a2-1)

But a=! =a —1 and a® = 1 + «, hence,

e Q@ o«
S a?(atal) VB

Ao® + Ba™? = 0‘—\/_51 -a? 4+ Ba~% = 1, hence:

=«
V5
-1
_2
5)
«
B=—
V5
Hence,
oL 21 +a—(2n—1)

V5



